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Abstract 

This paper proves existence and uniqueness of geodesics through singular points on a real analytic 
surface M with a real analytic symmetric two-tensor g when the tangent space to the singular set 
is isotropic at the singular point. This is achieved by introducing a new differentiable structure at 
the singular point and by introducing the concept semi-analytic curves. In this new differentiable 
structure the geodesic through the noncritical singular point is up to reparameterization of a semi- 
analytic curve. This makes it possible to prove existence and uniqueness of geodesics through the 
singular point. The setting in higher dimensions is indicated. 

Using the same techniques we prove the existence of three collision orbits for the Hamiltonian 
vector field representing Coulomb forces of the Helium atom. 
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1. Introduction 

In this paper we shall be concerned with a real analytic n-dimensional manifold M with 

a real analytic symmetric two-tensor g. p e M is a singular point for g provided g(p)  is 

degenerate. Such a point is noncritical provided 

d fp  :fi O, f = det gij 

in some and hence any chart around p. There is an existence and uniqueness theorem for 

geodesics through p when the tangent space to the set of  singular points is nondegenerate, 

see [3]. The notions strongly radial vector and weakly radial vector are important in this 

context because geodesics through p have to be tangent to either a strongly radial vector or 

a weakly radial vector, see [2]. So geodesics can only go across the set of  singular points in 

certain directions. An existence and uniqueness theorem for geodesics tangent to a strongly 
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radial vector is proven in [3] while the weakly radial case is handled in [5]. In the weakly 

radial case the geodesics are smooth curves through the set of  singular points in the usual 

differentiable structure. In the strongly radial case the geodesics can be reparameterized to 

smooth curves in a new differentiable structure. In both cases one can also prove existence 

and uniqueness of  Jacobi vector fields tangent to the set of  singular points. 

Parallel transport along smooth curves through the singular set was considered in [1]. 

Another type of degeneracy is the case where the two-tensor has constant index and coindex, 

being everywhere degenerate. This appears naturally in Lorentzian manifolds having a lower 

nonnegative bound on the time-like sectional curvatures. For instance the boundary of the 

past of a time-like geodesic is a degenerate hypersurface of  the Lorentzian manifold of 

constant index and coindex being everywhere degenerate, see [6]. 

The isotropic subspace at a singular point p is the subspace 

l (p) : 7pM A TpM ±. 

If the dimension of  this subspace is greater than or equal to two then the singular point 

cannot be noncritical. Despite this fact one can still prove existence and uniqueness of 

geodesics, see [7]. 

It is possible that the dimension of  the isotropic subspace is one while dfp = 0. Also in 

this case there is an existence and uniqueness theorem for geodesics through p,  see [4]. A 

nondegeneracy condition is needed involving the second derivatives of  f .  

In the present paper we shall focus attention on the case where the singular point is 

noncritical and the tangent space to the set of  singular points is degenerate. In this case the 

isotropic subspace is a one-dimensional subspace of  the tangent space to the set of singular 

points. So we shall agree to say there is isotropic tangency. To handle the geodesics in this 

case one has to introduce the concept of  semi-analytic curves. 

A semi-analytic curve is a curve 

+oo +oo 
y( t )  = Z "" Z y'p' ..... PktP'C~'+'"+PkC~k' Oli >- 1, t E [0, 6[, 

p~ =0 pk=O 
C 

lyp~ ..... pk I _< 
(Pl + 1) 2 . . .  (Pk + 1) 2rpl+''+pk 

for some C , r  > 0, 3 ~ ]0, r[.  

A suitable choice of ~,P~ ..... pk will make y an integral curve of  a real analytic vector field 

A : U ---> R n defined on an open neighbourhood of the origin in I~ n, where the linearization 

of  A at 0 has eigenvalues 0 < /.1 < - .. < /.k, /.k+l . . . . .  /.n > 0 and oti = /.i//.l, Y is a 

unique subject to a choice of  

~,l ..... 0 = ( v l , 0  . . . . .  0 ) ,  

y0 ..... l = (0 . . . . .  vk,0 . . . .  0). 

In a new differentiable structure at p there are geodesics through p that can be reparameter- 

ized to a semi-analytic curve. The k above depends on the value of  a metric invariant defined 
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in terms of  the derivatives of  gij  at p. The uniqueness of >, above provides an existence 

and uniqueness theorem for geodesics through p on a real analytic surface M, see the Main 

Theorem (Theorem 2.4). 

In Section 4 we use essentially the same techniques to prove existence of  collide orbits 

for the Hamiltonian vector field representing the Coulomb forces of the Helium atom. These 

three collision orbits are up to reparametrization semi-analytic curves. The reparametriza- 

tion function is the inverse of a semi-analytic function. For a recent paper dealing with the 

Helium atom, see for instance [8]. 

2. Existence and uniqueness of geodesics 

Let (M, g) denote a real analytic n-dimensional manifold with a real analytic symmetric 

two-tensor g. A singular point p for g is a point where gp is degenerate and the set of 

singular points of g is denoted ,~. 

A singular point p for g is noncritical provided 

d fp ¢ O, f = detgij 

in some and hence any chart around p. Let us assume p is a noncritical singular point and 

Tp3 is a degenerate subspace of  TeM. 

Fix a basis Vl . . . . .  Vn in TpM such that vl is isotropic 

Vl E TpM A Tpm 3- = l (p) 

and v2 . . . . .  Vn-1 ~ Tp S .  We assume that v2, .. •, Vn are orthogonal. Then 

vl ETpZ,, l ( p ) =  span{vl]  

A chart (U, 4,) around p is adapted to 2, and vl . . . . .  vn provided 

U A S ,  = { q E U [ 4 , n ( q ) = 0 } ,  4 ' ( P ) = 0  and Oi(p )=v i ,  

and 0 is a regular value for the restriction of  f to U. In such a chart define 

00~lk 1 0 2 g l l  00~kl 
# k =  (p), rl-- 2 0 x  2 (p)' ctk = (p), an =et. 

Notice that o t ¢  0 since dfp -¢ O. 

Lemma 2.1. 0g22 " "gnn = Y ~ ] = 2 / z 2 g 2 2  " "gram " "gnn. 

In a chart (U, 40 adapted to S and Vl . . . . .  Vn let X ~ denote the local representative of  
the geodesic spray X and define YO = f X  4~, where Y has a real analytic extension to TU. 

Also define 

G : [~n\{vl  ----- 0} ~ ~ n \ { u l  = 0} 

P ---- (U I . . . . .  Vn) ~ (Vl,  011)2 . . . . .  Ull)n), 

H ( v )  = (Vl, Vl v2 . . . . .  Vl Vn), v E. [~n 
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G-’ : Rn\(u, = 0) + R”\(ul = 0) 

(Ul,..., ~,)~(~I,...,4ll~l). 

Assume q > - 1 and define 

@ : R”\(y, 5 0) + R”\(Xl _( 0) 

(YI 3 . ” ? Y,) ++ y;Vs + l)(lV Y2, ’ ” 1 Y,) 

with 

0-l : R”\(x, 5 0) -+ R”\{y, 5 0) 

(XI,... ,&I) t+ ((9 + M-“9,x2/~*, . . ,&2/w). 

Now define 

F(u, Y) = (G(u), @(Y)) 

and the vector field 

Z f$ ’ (v, Y) = q”,y) (Y~(~(~7 Y)))Y:(q + 1). 

The standard trick from singularity theory enables us to write 

f(u) = 44(u) 

for a real analytic function h. We find 

UIbl 

Vn(Y2 - 212) 
Z;P(v,y)=hoG(v) 

i : Vn(Yn - vn) 1 

In terms of the associated Christoffel symbols <$ = f c;, we find 

So Z@ has a real analytic extension also denoted Z@ to H-’ (4(U)) x R”. 
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Observe that 

Z ~(0, O) = 0, 

due to the fact that 

Now 

and 

DZ~o = 0 

g l l ( P )  . . . . .  g i n ( P )  = O, 
3g l i  

a i - - - - ~ ( p ) = 0 ,  i =  1 . . . . .  n - - l .  

0/~111 n 
bl = "~xl (O) = rlg22 " "gnn - Z lZmg22 " "gram" "gnnl  (Zlzm - O l m )  

m=2 
n 

= E IZmg22" "gram "'gnnlOlm 
m=2 

~ , l l i = g 2 2 . . g n n ~ O g l l  _ _ { 0 ,  i s ~ n ,  
3xi  ½X = Cl, i = n, 

X = g22 • "gnn ~t. 

For k _> 2 we find 

Co) = o,  Co) = o 

and 

0 2 f'lkl (0) 
2 b k -  3x~ 

= --IZkgZ2 " "g~kk " "gnn2rl 
2 

+ (20g22" "gkk "'gnn -- 2~mg22" "g~kk" "gmm " "gnn)½(21Zk -- Otk) 

4- 21zklZmg22 " "g~nm " "gkk " "gnn 1 (2ttm -- Otm). 

For k ---- n this amounts  to 

2bn = - r/g22 • "gn- l ,n -  1 0 l  - -  Ot m IZn IZm g22 " 'gram " "gn-- I,n-- 1 

÷ Ot/Z2mg22 " "gram " "gn-l,n--1. 

Furthermore 

c~ = (0) = otigz2" "g~kk" "gnnl(Zl-tk -- Otk) = O, i ~ n. 
3xi  

Final ly  

3/~lk/ 
d~ = (0) = - I z k g 2 2 "  "gkk" "gnn½Oti = O, i ~ n. 

3Xl 

283 
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Define 

Z2(v ,  y)  = ½D2Z~o((V, y) ,  (v, y)). 

Then 

~.Vl Vn 

XVn (Y2 -- V2) 

X Vn (yn - Vn) 
Z2(1), y) -~- 1 

q Y l ( - b l v l  - 2ClYn) 

- y 2 ( - b l V l  - 2ClYn) - b2v~ _ cnZvlvn - 2d2VlYn 

- y n ( - b l V l  - 2ClYn) - bnv 2 - cnvlvn  - 2dnvlYn,  

Define blow up maps using the euc l idean  no rm II II 

/~" ~2n\{0} ~ E = {x E ~2n[ II x r[> 1} 

II x II + l  
X I - - - ~ X  - -  

II x IJ 

: l = { x  E R  2 n l 0 < l l x  ]1< 1}---*I 

Ir x JI - 1  
X t " ' ~ X  - -  

li x rf 

To find singular points of  the blow up of  Z 4' define 

/1 

0 

0 

L =  0 0 

0 0 

0 

0 1 
0 0 

where kl is a nonzero 

0 kl 

0 k2 
0 

0 kn 

0 , 

12 

ln-I  
1 

solution to 

bnk 2 1 n + k l (~C n + 2d n - b ] ) -  ½X = 0. 

We need q to have the value 

2 
q = ~(blkl  + 2Cl) * 1 

and then 
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2 {bik 2 + k , ( l c  i + 2d/)}, 2ki = l i  - ~ . ( q -  1) 

i = 2  .. . . .  n - l ,  k n =  1- 
2"  

Now define 

W(x)  = L -1 o Z 4) o L(x)  and W2(x) = 1D2Wo(x , x ) .  

Our definition of the li and k i imply that 

W2(0, (Yl, 0 . . . . .  0, Yn)) = ½~.(0, (Yt, 0 .... , O, Yn)). 

So 

(0, ( y l , 0  . . . . .  O, yn)), y2 + y2 = 1 

are singular points of  Z ,  where 

II x II - 
Z , ( x )  [[ x [I - ~  D F F - ' ( x ) ( W ( F - l ( x ) ) ) '  

~ 1 1  x II - ( W ( ~ _ l ( x ) ) ) ,  Z , ( x )  
II x I I - - I D G G - ' ( x )  

which has a real analytic extension to an open neighbourhood of S 2n- l So has 

II X II 
DPp-~(x ) (W2(P- l (x ) ) ) ,  II x I[> 1 

Z**(x) - II x II -------i 

The spectrum of 

D Z , ( 0 , ( y l , 0  . . . . .  0, yn)), y ~ + y 2 =  1, Yl > 0 ,  Yn > 0  

is important to determine the geodesics through p. 
We find 

285 

II x I1> 1, /~ - l (x )  E D(W),  

0 <11 x I1< 1, G - l ( x )  E D(W), 

= Yn 

DZ**(O, (Yl, 0 . . . . .  0, Yn)) 
((2bnk 2 + kl (½c n + 2ann - b 1 )) 

(2bnk 1 n n + (~Cn + 2d n - b l )  ) 

o (~k~ + c~k 2) o o o 
- ~ .  . * 0 0 0 

1 n i x  ) 0 0 0 0 (]~cnk I - 
1 2 0 ½ )tYl Yn • * ~ ' Y l  

• * 0 ½(q - 1)~. * 

1 2 • * ½ ~'Y I Yn 0 ~, ~'Yn 

From this we see that 1 (q _ 1)~.yn and -)~Yn are eigenvalues of  algebraic multiplicity at 
least n - 2 .0  and l~.y n are eigenvalues of  algebraic multiplicity at least 1. The remaining 
eigenvalues are the eigenvalues of  the matrix 

{ 2 b n k ~ +  I n  Cn__~) kl(~c~ + 2 d ~  - b l )  Lkl + ~ 2 
1 n " (2.1) Yn ~ l (2bnk l  + ( l c  n + 2 d , ~ - b l ) )  ~Cnkl 
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We shall now specialize to the case n = 2 and let 

kl = - 1/2a,  

a is then a nonzero solution to 

4a2g22(P) -- (or + 4#2)a  + r/ = 0. (2.2) 

Define b ---- #2/or. We shall assume that otg22(P) < 0. 
When b = 0 , - ~  there is one real solution a_ = a+ = a < 0. When b e ] -  

1 0[ U ]0, + c o [  there are two distinct negative solutions a_ < a+. They give rise to 8, 

q = q+ = 2 - # 2 / 2 g z z ( p ) a + ,  q = q_ =- 2 -  # 2 / 2 g 2 2 ( p ) a  • 

The two values of  kl 

k + = - l / 2 a + ,  k{ = - 1 / 2 a _  

give rise to two linear maps L denoted L+ and L_.  
The trace of(2.1)is  a = 3~.(q _ ~_)y2 and the determinant is 3 = ¼~.2 ( - 2 +  2(q - 2)2)y22. 

So the eigenvalues of (2.1) are (q - 1))~y2, ½ (q - 3)~.y2. So for q # 3, 3, 4 the eigenvalues 

of  D Z , ( O ,  y)  are 

0, ½~-Y2, (q - 1)~.y2, ½(q - 3)Xy2. 

Let 

V ¢ ( ( q  - 1))~y2), VO(½(q - 3)~.y2), V4'(0), V4'(½)Q 

denote the eigenspaces of  D Z ,  (0, y) corresponding to the eigenvalues (q - 1)~.y2, ½ (q - 

3))~y2, 0 and ½X. 

Def in i t ion  2.2.  A curve c : ]0, ~ [ -~  T M  is ± resolvent semi-analytic provided there exists 

3 e ]0, ~[ such that 

c ( ] 0 , 3 D e ~ - l ( D ( F - l ) ) ,  ¢ , = ¢ , i = / ~ o L : ~ l o F - l o ~  

and such that ~p, o c is a semi-analytic curve, see Definition 3.1 for some and hence any 

chart (U, ¢)  adapted to 3 and vl, v2. We also assume 

# - I  o ¢ ,  o c ( O ) = O ,  

d # - 1  
~-~(L± o o q~, o C)l(0) # 0 ,  

d ~ - l  
~ ( L ± o  o gb, o c)3(0) > O. 

L e m m a  2.3. Definition 2.2 is well-defined independent o f  the choice o f  chart adapted to 

3 and Vl, v2. 

Proof. We have 
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fb, o c(t) = d(t),  

F - l o ~ o c ( t ) = L o F - l o d ( t ) = t e ( t ) ,  el (0)-~ 0, e3(0) > 0. 

Furthermore 

(5 o c(t) = F(te(t)) = ( 

tel(t) ) 
t2el (t)e2(t) 

(te3(t))-q/(1 4- q) " 
(te3(t))-q /(1 4- q)te4(t) 

Write 

( t P l l  (ibl2 " ~ 
D(~O ° ~b-I) = q)21 qD22 ,] " 

and 

lp o q~-l(x) : ( x 1 H l l  4 -x2H12)  . 
~, x2H22 

Then 

(~  o ~ -1)  o (~ o c)(t) 
[ t(el ( t)Hll  4- tele2(t)Hl2) 
I t2elez(t)H22 

J : l ( te3(t))-q '~ 6D(F-1), t~]0,81[. 
| (l---TFg-~- (~  I 1 4- te4~12) 

(te3(t)) -q 
\ ~ (~21 4- te4~22) 

Now ~ ,  o 4~. I is the restriction of  a real analytic map on a neighbourhood of  S 3. Define 

a = cp, o c(0) and write 

~ .  o ~ . I ( x )  : Bi,...is(xil -- a i l ) " "  (xi~ - ais), 

where 

IBil...i~l ~ D/P s, D, p > O. 

Then 

1/Y*Oq~*l(~*OC)(t) : Y~ "'" Y~" Z B i l ' " i a  
pl:O pk=O a=O 

Pa pa 
Z ~iPl' " ' 'Yia t " 

pl +'"+Pa=p 

Define 

Ipl 

a=O Pl +"'+Pa=P 

Then 

+oo + ~  
V,, o c(t) = E "  ~ ~ ~tp" 

Pl =0 pk~O 



288 J.C. Larsen/Journal of Geometry and Physics 21 (1997) 279-306 

and assuming CK~/p > 2 we estimate 

IPl C 

l Y P I < Z D / P a  Z (p{ + 1 ) 2 . . .  (p l  + 1)2 ' ' "  
a=0 Pl + '"+Pa =P 

C 1 
X 

(p~ + 1 ) 2 . . .  (p~ 4- 1) 2 rP,+'"+Pk 

[Pl K~-I  
< Z D ( C / P ) a - -  "" K~ -1 l 

a=0 (Pl 4- 1) 2 (Pk 4- 1) 2 rPI+"'+Pk 

< D/Kk (CK~/p) IpI+I_ 1 
-- 2 (CK~/p) - 1 (Pl + 1) 2 . . .  (Pk + 1) 2rpj+'''p* 

1 
< DC/p (Pl -- 4- 1) 2 . . .  (Pk + 1)2(pr/CKk) pt+'''+p~ 

and ~p, o c is a semi-analyt ic  curve. The l emma follows. [] 

For b 6 ] - ~, 0[ define 

X, = lXy2, 

oq = 1 ,  u 2 = 2 ( q + - - l ) ,  

a = (O~1,0~2, Or3) 

or3, = q+ - 3, 

and assume 

p a - ~ o t i ,  i =  1 , 2 , 3 ,  p : ~ e l , e 2 ,  e3. 

For b ~ ] - ½, +cx~[, b ~ 1 define 

Z,  = IXy2, 

Oil = 1, ot 2 = 2(q_ -- 1), 

a = ( c q ,  c~2) 

and assume 

p a s ~ o t i ,  i =  1,2,  p e e l , e 2 .  

Now define 

VO(IXy2) + = {v E V¢(½g.Y2)l(v, (0, y)) > 0}. 

Given a geodesic F " ]0, e[ ~ M with 

V'(t)  6 ID(~b,), t ¢ ]0, E[, 

consider  the differential equation 



ot' (t) = 

J. C. Larsen /Journal o f  Geometry and Physics 21 (1997) 279-306 289 

f o y o ot(t)(F -1 (y, y ' )  o ot(t))q3(q + 1) J] 15 o L~_ 1 o F - l  (y, y ' )  o a ( t )  II 

X, t ( I IF  o L~ l o F - l ( y ,  y ' )  o or(t) II - I )  

(2.3)+,_ 

The theorem we have been aiming to prove is: 

Theo rem 2.4. For b E ] - ~, 0[ there exists a geodesic y " ]0, E[--+ M with 

?"(t) c D(4~+), t 6 10,~[ 

such that (2.3)+ has an increasing solution 

: ]0, 3[--+ 10, e[, lim or(t) = 0 
t---*0+ 

making yr o ot + resolvent semi-analytic 

+oo +oo +o0 

d p + o y ' o e t ( t ) ~ -  Z Z E YPtP" 
Pl =0 p2=O p3=O 

~,e, E V4'(/~.y2) +, ye2 S V4~((q+ - 1)~-y2), ~,e3 e V4~(l(q+ -3)~.Y21. 

For b e ]3, +oo[  there exists a geodesic ?' : ]0, ~[ -+ M with 

y ' ( t )  E ~)(dp+), t E ]0, E[ 

such that (2.3)+ has an increasing solution 

c~ : ]0, 3[ ~ ]0, ~[, lim or(t) = 0 
t-+0+ 

making y~ o ot + resolvent semi-analytic 

+oo 
t~,+ o yt o o t ( t ) =  ~ y p l e l t P l  ' )tel e V4~(1ky2) +. 

Pl =0 

For b ~ ] - ½, 1 [ there exists a geodesic y : ]0, ~ [ ~ M with 

g ' ( t )  ¢ D ( ~ . ) ,  t E ]0, E[ 

such that (2.3)_ has an increasing solution 

c~ " 0 ,  3[  ~ ]0 ,  E[, l im  c~(t)  = 0 
t-+O+ 

making y~ oet - resolvent semi-analytic 

+oo +oo 

q~.oy'o0t(t)= Z Z YPtPa' 
pt =0p2=0 

yet • V ~ ~Y2 , yez e V~((q-  - 1)~.y2). 
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I f  a : ]0, El [ ~ M is a geodesic satisfying the above then a : y in their common domain 

o f  definition. 

Proo f  q+ is increasing and 

1 q+(b) --+ 3, b ~ - ~ ,  

q+(b) ~ - o o ,  b --+ 0+, 

while q_ is decreasing and 

q_(b )  --+ 3, b ~ _ 1 ,  

It follows that for b • ] - ½, 0[ 

q+ (b) --> +oo ,  b --+ 0 - ,  

q+(b) ~ 1, b--+ +oo ,  

q_(b)  --~ 1, b --~ 1. 

Pl = 0  p 2 = 0  p 3 = 0  

t 'e~ • V ~ ~Y2 , ge2 • V e ( ( q + _  1)~.y2), ?,e3 • V4)(l(q+ _ 3)~.y2), 

such that 

1 
¢~'(t) = ~ , t  z,(t~(t)) ,  

fl is C l and 

(F  l o f l ) ( O ) = ( O , y ) ( ( O , y ) , g e ' ) ,  P-~  off(O) = 0 

So 

p - I  o f f ( t )  = t H ( t )  

for a continuous map H. Now a+ < 0, so 

f o F o L+ o [~-1 o f lU) = t2k( t ) ,  

for a continuous function k. Define 

t r t)=f f ° F ° L+ ° P - J  o f l ( s ) (L+ o F I o fl(s))q3(q + 1)II ~(s)  II 

X,s(ll/~(s) II -11 

k(0) < 0 

f l ( t ) =  Z Z Z v P t P a ,  

(q+ - l)~.y2 < 0, / ( q +  _ 3)~.y2 < 0. 

Now q+(b) = 2 - 4 b / ( 4 b  + 1 - ~ +  1) = 4 is equivalent to b = _ 1 .  

So for b • ] - l ,  0[ we have 

1 q + -  1 > I l ( q + _ 3 )  > 2. 

Applying Lemma 3.4. there exists a semi-analytic curve 

+ o o  +cx~ + o o  
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t 

I sqk*(s) ds 
t l  

0 

for a continuous function k, having k, (0) > 0. 

It follows that r : ]0, 8[ ~ ]0, ~[ is increasing which means we can define 

(~', y ' ) ( t )  : F o L+ o p - I  o/3 o r - l ( t ) .  

If you differentiate this curve, you will find that it is an integral curve of  the local represen- 

tative of  the geodesic spray. Furthermore r solves (2.3)+. ~, is thus the local representative 

of a geodesic satisfying the requirements of  the theorem. 

The existence part of  the theorem follows in this case. 

To prove the uniqueness part of  the theorem, define 

/3,(t) = •+ ocr '  o c~(t) 

and verify that 

1 
/3' ,(t)-- ~-~,t Z,(/3,(t)) .  

According to Lemma 3.7.13 = / 3 ,  on their common domain of  definition. Differentiate 

(or o "r- l) ' ( t )  = 1 

using the definition of  r and (2.3)+. It follows that r = ot near 0. Now 

(~r, ~r')(t) = F o L+ o ~-1  (/3, o o t - l ) ( t )  

= FoL+ o ~ - 1 ( / 3  o " g - l ) ( t )  = (y ,  y ' ) ( t )  

near 0 and the theorem follows in this case. 
Now 

4b 
q+(b) = 2 - 

4 b + l -  ~ - b +  1 

is equivalent to b -- 3. 
3 So for b > 

(q+ - 1)Ly2 > 0, ½(q+ - 3)£y2 > 0. 

Applying Lemma 3.4 there exists a semi-analytic curve 

+oo 
/3(t) = Z YP ' tP"  yl  C Vq~(l~.y2)+ 

Pl =0 

such that 

1 
/3' (t) = ~---,tZ,(/3(t)). 

Arguing as above the theorem follows in this case. 

- - - 1 ,  b e ] 0 , + o o [ ,  
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] - ~, + ~ [  For b 

1 < q_ (b )  < 3 

hence 

( q -  - 1))~y2 < 0, ½(q-  - 3)~.y2 > 0. 

Now q_ (b) = 2 - 4 b / ( 4 b  + 1 + ~ + 1) --- -32 is equivalent  to b = 1. 

So for b 6 ] - ½, 1[ we have 

1 
q _ - l >  2. 

Apply ing  L e m m a  3.4 there exists a semi-analyt ic  curve 

+cx) + ~  

/~(t) = Z Z YPtPa' 

P 1 = 0  P2 = 0  

y et E V4~(l).y2)+, lee2 E V4)((q_ - l)).y2) 

such that 

1 
¢¢(t) = F ,  t z , (~ ( t ) ) .  

Arguments  s imilar  to the above leads to the conclus ion of  the theorem in this case. 

. Se mi -ana l y t i c  curves  

Let  A • U - -+  [~n n = k + m be a real analytic vector  field on an open ne ighbourhood 

U of  0 in R n such that A (0) = 0 and 

L = D A o  = 

ki < 0  i = 1  . . . . .  k , ) ~ i > O  i = k + l  . . . . .  n, A = L + B .  

We can assume that kk < ~-k-I < • • < kl = Z,  and define 

~i = ~.i/~-I, a = (or 1 . . . . .  O tk ) ,  P = ( P l  . . . . .  Pk) ,  Pi C N 0, 

a = p a .  

We shall assume that 

pa  5~ oti, i = 1 . . . . .  k, p # el . . . . .  ek, 

where el . . . . .  en is the canonical  basis in tK n. Define 

(3.1) 
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y ( t ) =  Z "'" Z YPtPa' 
p I =0 pk =0 

yei = vi E 

y f i = 0 ,  j ~ i ,  j E { 1  . . . . .  n}, y 0 = 0 .  

Assume yP is defined for I P I < l, l > 1. Let p have I P I = l + 1 and define 

1+1 

Z Z 8 -"' p,, = ll'"ta'vit ••'Yia • 
a=2 Pl + ' " + P a  = P  

According to (3.1) we can solve 

1 
(oti/a -- 1)Yi p -- ~.,a Fp 

for yP which is then defined. 

Definition 3.1. The curve 

+oc +oo 
; ( t )  = 

p~ =0 Pk =0 

is semi-analytic provided 

C 
I ~ P l  _< 

(Pl + 1) 2 . . .  (pie + l)2r pt+'''pk 

for some C, r > O. 

We can suppose that r ~ ]0, 1 [. 

L e m m a  3.2. ~ is well-defined for  t ~ ]0, 6[, 3 ~ ]0, r[. 

Proof We have 

+ ~  + ~  +00 + ~  Cltlpa 
Z "'" Z lYPtPa[ -< ~ ' ' "  Z rPl+'"+P* 

Pl =0 Pk =0 P1:0 pk=O 

+~ CltlmCq+...+p,_,c~k_, ~ (]t]~k ~Pk 
<-- PlZ=O "'" rPl++Pk-I  pk=O k - - ~  / 

C 
< 
- (1 - ] t l U , / r )  . . .  (1 - ] t iCk~r)  

It is going to be important for us to prove the following• 

L e m m a  3.3. ?' is semi-analytic. 

293 

(3.2) 

[] 
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Proof We have 

1 1) 2 _< K2/ ( j  
( j l  + 1)2(j2 + 1) 2 

+ 

Jl +J2=J,Jl ,J2 >o 

for  some K2 > 0 and all j > 0. Also  

[Bi~...i~ I < DIp  a, D, p > O. 

So 

Ipl 
. . i -  Pal Z Z I i, iorlyi",'l 

a=2 Pl +"'+Pa =P 

IPl D C a 

< Z Z " '" Z p-'-S (Pl  + 1 ) 2 " "  (P~ + 1)2rp'+"'+P' 
a=Z PI +'"+PT=P, p2 +'"+p~=pk 

Ipl D ca a -  1 a -  1 1 K 2 K 2 

< _ pS rPJ+'+Pk (Pl  + 1) 2 " '"  (Pk + 1) 2 

= K ]  (Pl  -I- 1) 2 . . .  (Pk + l) 2rp'+'''+pk Z a=2 

2 D  k 2 1 < 
--~22 (CK2/p)  (Pl  -1- 1) 2 " ' ' ( p k +  1) 2rpl+'''+pk' 

where  we have arranged that 

1 C K ~ / p  < 

choos ing  C > 0 appropriately.  We can assume in addi t ion that 

2 D C K ~ / p  2 < ])v,(l - o t i / a ) l  

Now take r > 0 small  enough that 

Then 

Iuil 5 C/4r. 

1 
lYiPl = ])~,a(1 - oei/a)l lEVI 

The l emma follows.  

YP, tPt = P i  + ' "  + P k  > 1. 

C 

(Pl  + 1) 2 . . .  (Pk -1- 1) 2rpt+'''+pk " 

Suppose  we have a sequence 

ap, p c [N O × - - -  × I%10 

such that 

+oe +o~ 

E tape 
Pl =0 pk=0 

[] 
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then 

+oo +oo +o~ 

E ' " E a P = Z  Z ap. 
Pl =0 pk=O m=0 Pl +...+Pk =m 

This is going to be important in proving the following lamma. 

Lemma 3.4. V'(t) = (1/)~,t)A(v(t)).  

Proof We have 

A = L + B ,  B(x) = Z nil'"iaXil "'" Xia. 
a=2  

We find 

B(v(s) )  = 
+ o o  

E Bil ""ia 
a=2  

+(X)  

= E Bij "'ia 
a=2 

-I-~ +OO +oo =o0 

Z " ' "  Z v P l t P l a '  E , ` '  - " . . . .  E pa p a a V i a  t 
Pl =0 p~ =0 P7 p~=0 

Z Z Z Z 
Pl =0 Pk =0 Pl + ' ' ' +p~  =Pl I a _  pk +"'+pk--pk 

+oo +oo 

= E O i l " ' i a  Z Z 
a=2 m=a 1+ + a m Pl "'" Pk-- 
+~ m 

= Z EBil . . . ia  
m = 2 a = 2  

+oo m 

= E Z  nil'''ia Z Z 
m=2 a=2 pl +" '+Pk  =m Pl + ' "+Pa  =P 

+oo + ~  

viPl , .  P a p a  "Via t 

Z ~,,"' vi~ "°,pa 
I a 

Pl + ' "+Pk  =m 

= Z  • Z~P,"a 
Pl =0 pk=O 

viPl . . P a p a  • y/o t 

Now we find 

t 

fi  -~,s A (y(s)  )i ds 

0 
t 

f l  , ~- ;(OliYi(S ) "J- -'~,Bi(y(s)))ds 

0 
t 

f+~ +~( ¼e ) = Z "'" Z Oliy?SPa-' "+ S pa -1  d s  

0 pI=0  Pk=O 

viPl . .  p a p a  "Zi~ t 
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+cx~ + ~  ( . p l  1 F P ] t P a  
= Z ' " Z  °t'Yi a+,k .a  / 

Pt =0 pk=0 
+ ~  + ~  

: Z ''" Z YiPtPa = y/(t). 
pl=0 pk=0 

Now define 

f l (p)  = pa  

{fl(P) I P ~ No x . . .  × No} = {i l l ,  f12 . . . .  } fll < f12 < " ' "  

Also let 

yi = Z yp" 
pa=fli 

Then we have: 

L e m m a  3.5.  y ( t )  = Y~/+_~ y i t ~ i ,  t E ]0, 8[. 

Suppose we have a curve 

-[-oo 
~/(t) = Z ~it~i' 

i=1 
}5i= Z ~p' 

pa =fli 

where  the ~P satisfies (3.2).  

L e m m a  3.6. If~,(t) = O, t ~ ]0, 8[ then }~i : 0Vi 6 ~.  

Proof To see that }51 = 0 compute for t 6 ]0, 8[ 

~ "lt~' + ~itfli 

= ~, l + t~z-~ Z yit~i-~2 
i=2 

---~} 51 = 0  

as t ---> O. Assume ~ . . . . .  ~ N  = O. 

Then 

1 
lflN+l 

~(t) = ~N+I .q_ tflN+2--flN+l 
+ ~  
Z yit~i--flu+l --+ }~N+I = 0 

i=N+2 

as t --+ 0. The lemma follows. [] 
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We are now in a position to prove the following result. 

297 

Lemma 3.7. If  

+oo +oo 

V(t) = Z Yit#i' ~(t) = Z ~i tfl', 
i=l i=1 

are two semi-analytic curves satisfying 

1 
y ' ( t )  = ~-~.t A (y ( t ) ) ,  

yet = #e l  = Vlel  

yek = ~ek = l)kek. 

Then y = ~,. 

t E ]0, 8[ 

1 
~,'(t) = z---A(~'(t)), t E ]0, 8[ 

x , t  

Proof We have 

k 

Fk Z Fp Y~  Z Bil'"iaYi~ I ja 
pa=~k a=2 ~Jl +'"+~Ja =¢~* 

Hence 

B ( y ( t ) ) =  ~ . . .  ~ F P t P a = Z  FP t ' i = Z F i t ' i '  
p l =0  pk=O i=1 p i i=1 

we obtain 

.= Oljyf fl--Tt + ~'*fli J l  i=1 

By Lemma 3.6 

1 __~_1 F ( = y ]  ¥i ~1~. 

Now 

×l  = ye, = ~e, = ~J. 

Assume 

y i = ~ / ,  i = l  . . . . .  N.  

If/~N+I = ffj for some j E {1 . . . . .  k} then 

y U + l  : yej ~- ~ej : ~ N + I .  
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Otherwise 

yjN+l = 1 FN+J 
) . , f i N + l ( 1  --  Otj/flN+l ) J 

1 /~jN + 1 

~'*flN+l (1 --  Olj/flN+l ) 

and the lemma follows. [] 

4. Three collision orbits in the Helium atom 

This section is devoted to the study of  the orbit structure of  the Hamiltonian vector field 

on 

M = T * Q ,  Q={(X l ,X2)  C R 2 1 x l , x 2 > O }  

with the standard symplectic form 

2 
to= Z dxi A dpi 

i=1 

and Hamiltonian 

I 2 1 2 2 / x l _ 2 / x 2 + l / ( x l + x 2 ) "  H(x,  p) = ~Pl + 2P2 

This is the Hamiltonian of  the Helium atom and gives rise to the Hamiltonian vector 

field 

P2 
X n ( x , p )  = --2/x~ + 1/(Xl q-x2) 2 " 

--2IX 2 q- l / ( x I  q- X2) 2 ] 

We are going to be interested in orbits y = (Yl, 2/2) : ]0, E[ ~ M of  XH with the property 

that Yl ( l )  ----> 0 as t ----> O. This corresponds after time reversal to the simultaneous collision 

of  the two electrons with the nucleus. Such an orbit is called a three-collision orbit. Let L 

denote the linear map with matrix representation 10o) 
- 1  0 

0 1 

0 1 1 

in the standard basis {el } of  ff~4 and define 

h(x) = (Xl q -xz )2 (Xl  + x2)2x12. 

We then get a new vector field 
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Y(x ,  p)  = L -1 o XH o L (x ,  p)  • h (x )  

p2h(x)  

= 1 ~ - 2 c x l -  x2~2x~- 2(x, + x2)~x~, + ~(x, + x2)2(x ,_  x2)~) • 
4x~x2 

Recall the definition of  G and • from Section 2 now letting q = ½. They gave rise to the map 

F(12, p)  = ( G(v) ,  cl2(p) ). 

N o w  define 

Z(12, p) = 121pI/2 D F - l  (y ( F(12, p)) ) 

= Z7(12, p) + higher order terms. 

Here 

q 
(--122 ÷ p2)12 6 

Z7(12, P)  = 7 2 5 
~PlVl 

7 5 4pl  vzv~ -~plP2V 1 + 

Z is the restriction of  a real analytic vector field on R 4 also denoted Z. Now define 

Z ( x )  - II x II 6 D ~ ( Z ( p _ l ( x ) ) )  ' II x [1> 1, 
(11 x II - 1 )  6 

Z ( x )  - II x II 6 D ~ ( Z ( ~ _ I ( x ) ) )  ' 0 <]l x I[< 1, 
(11 x II - 1 )  6 

which is the restriction of  a real analytic vector field also denoted Z on R4\{0}.  So is 

II x II 6 (x) ) )  
- 6 DF(Zv(P-I 

Z 7 ( x )  = (11 x I1 - 1 )  

= Z 7 ( x )  - x~ II x II 3 (x ,  Z 7 ( x ) ) .  

Notice that 

(v, p) = x ,  = ( 7 / v / ~ ,  0, 2 /4~-3 ,  0) 

is a singular point of  Z and Z7 because 

7 3 5 
Z 7 ( x , )  = (128 ÷ ~ P l V l ) X ,  = ~ .x , .  

Now 

D Z T ( x . )  
7v 6 - ( 9 v  8 + 21p3v~)+  302~. 0 

0 - v  6 - k 

~--- 35 _2 ,4 (8v7pl + 35 4 4 ---2- t, 1 ~ 1 -- --~PlVl)+3OlPl ~ 0 
0 4pl v5 

= {Z~ij }. 

21 2 6  --'-~PlVl + 3Vl plY. 
0 

7ply ~ - ( v  8 + 14p3v~) + 3p2~. 

0 

o) 
~6 
0 

7 5 ~ .  7~ Pl Vl 
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The spectrum of this matrix is important in order to determine the three collision orbits. 
We first determine the spectrum of 

4pl V 5 7 p|v5 -- 

= ( - v 6 ( v ~  + p ~ ) -  ~. v6(v~ + p 2) )~) 
4p,:,(:, :l) 7p|4<   + 
. , ,)  

v~ ~ 16 - 7  " 

We have used that Pi = }vl. The determinant of this matrix is negative so there is one 
negative eigenvalue and one positive. We are only interested in the positive eigenvalue which 
is 

8 53 
~., = v I ~ ( - 3 5  + ~ )  = 0, 04417. 

This is a simple eigenvalue, the eigenspace being spanned by 

/ 
½(21 + l v / ~ )  ,] 

X is an eigenvalue of geometric and algebraic multiplicity 2 lbr the matrix 

( Z I I  z'-;"l 3 ) 
A---- ~,Z31 Z33 ' 

T o  see this compute 

A ( ( U l ) )  ( vl (V~- 21 p3v5+ 7v6p2) ) 
: 21 3 5 7p?v~) pt pI(V~ + T p l v l  -- 

~-"=- (V8 "t'- 7u~P~) ( 1)1 ) p ,  

a n d  

A -PJ  -P | (Vl  + T P l v | - - 2 1 p | v l ) ' ~  
= 8 5 6  35 3 5 " Vl VI(Vl + ( T  -- "7- -- 7)PIVl) ,] 

7 3 5 , ( - - P l ) .  
= ( v 8 + 2 P | V l )  vl 

Notice that 

Z8(x) = 1 D 8 Z o ( x  . . . . .  x) = 0. 
o ' .  

So 

D Z 7 ( x . ) = D Z ( x . ) .  
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This means that ( o / 
11)2 k Ol tO3 0 tOl 1(21 q - ~ ) /  

are eigenvectors of  D Z ( x , )  corresponding to eigenvalues 

v 8 + Z -305 8 53 853 v~4q 5 - ~ 3 2  ( - 3 5  + ~/i-J-~). 
2/)1 j = v  1~, vj~-~, 9 .  8 

Define ct3 by 

53 853 
Ot 3 0~49m-~(- -35  + 1 ~ / 1 ~ )  = I) 1 aT, 

which implies 

P(ot3) = --112~ 2 + 70-  2800 q- 282 = O. 

Now 

P(0)  = 282 > 0, P(17)  = 1736 > 0, 

We conclude that 17 < ct 3 < 18. 
Define a = (oq, ct2, or3) = (1, oO, cO). 

P(18) = - 2 2 4  < 0. 

Theorem 4.1. For every bl > 0, b2 E R there exists a semi-analytic curve 

Y1 (t) = vPt pa, yPt pa , t ¢ ]0, e[, 
\ P l  =0 p2=0 Pl =0 p2=0 

yl pel : 0, p E ~]0, y~2 : b l ,  

~eI:~/peI+e2:~peI+e3:0, pENO, 

. el-t-2e3 . elq-e2q-e3 : . 2e2 : y2e3 e2q-e3 y~l +2e2 = b2, Y2 = Y2 )"2 = }*2 " = 0 

such that L o y = L o (Yl, Y2) : ]0, E[ ~ ~4 can be reparametrized to an integral curve o f  

X H. The reparametrization function is the inverse o f  a semi-analytic function 

r ( t ) =  ~ ~ rPt pa*, t ~ ]0 ,3 [ ,  a . ----(1, /o~3) 
pn=0p2=0 

r p = 0 ,  p a ,  < 3ot3, ~ "t -p > 0 

3 
pa ,=~a3  

Proof  Define 

+0o +oc +oc 
/~(t) = ~ ~ ~ f lPt  pa, 

Pl =0 p2=0 p3=0 

t C ]0,~[ 
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with 

~e, E span 11/) i }, flO = X, 

such that 

1 
/~'(t) = F , t  z(C~(tl). 

This is possible by Section 3. 

Also define 

k(x) I l x l l - 1  - -  - - ,  x E N 4 \ { 0 } .  
II x II 

As the composition of  a real analytic function with a semi-analytic curve 

+oo +oo +oo 

h( t ) - - - -ko f l ( t ) - - - -  Z Z Z kPtPa 
Pl =0 p2=0 p3=0 

is a semi-analytic curve. 

h(O) = k (~(o ) )  = k ° = O. 

Let q~ • U ~ S 3 denote a coordinate system on S 3 around ~(0) = x,  and define 

~(r ,  x)  = r(p(x), x e U, 

~p is then a coordinate system o n  ~ 4  around x,  for (r, x) near (1, 0). We can assume that 

0 0 0 
--axl = ~ ( x , )  = ( x , )  = Wl/II  wl II, Tx2(X,) 1/)3/II w3 II, w2/II t02 1[, 

0 / Ox3 (x , )  being an eigenvector corresponding to the negative eigenvalue of  D Z (x,). Notice 

that 

Z ~ ( 1 , x )  = 0, 

hence 

Take 

as z~l 
0x~ (1,0) = 0. 

+oo +oo +oc 

= Z Z Z 
Pl =0 p2=0 p3=0 

such that 

1 
~',(t) = ~, t  z~ ' (~,( t ) )  
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and 

D~r(flei) = ~e,,  ~0 = el .  

Then 

3 ~ l  = 0 ,  s > 2 .  

By the uniqueness of/~ 

7/o ~l, =¢~. 

Now 

II fl(t) II - 1  fl,l(t) - 1 
h(t) -- 

We find 

k rel = O, r 6 NO, k e2 =/~e21 = a l ,  

We choose al > 0. Define 

c= Z2 E Z 
Pl q-ql =rl  p2+q2=r2 p3+q3=r3 

and verify that 

+oo +oo +oo 

Then 

flPi kq 

II fl(t) II # l ( t )  

and 

N o w  

~i(t)h(t) = Z Z Z f't~"" 
rl =0 r2=0 r3=0 

k e3 ~ O. 

fre' =0 ,  r 6 ~ o ,  f~2=Vla l ,  f13 = 0  

f ~ 2 0 ,  f ; 3 0 ,  J 2 :  ~ Fetq-e2 = fl~lke 2 ----- a 2 a l ,  f ; l + e 3  : 0. 

+oo +oo +oo 

G([~l(t)h(t),~2(t)h(t)) = ~ ~ Z yr t ra  = yl(t). 
rl=Or2:Or3:0 

'2 el+e3 : 0, r e I%10 

Now use the above to verify that 

y~e '  : 0 ,  y ~ e l + e 2 : 0 ,  

and 

.el+2e2 ~ ola2a2. "el +2e3 " el+e2q-e3 - -  }.'7e2 = y~2q-e3 y 7  e3 0,  }'2 
r2 =Y2  -- = = 
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Define 

/~ ( p - I  o fl(S))l ( p - I  o fl(S))~/2 II /~(S) II 6 h (F  o k -1 o ~(s))  
T(t) J ds 

;~,s(ll ~(s) II --1) 6 
0 

t 

= / s3C~3/2-1l(s) ds, t E ]0 ,8[  
. /  

0 

for a semi-analytic function I and verify that 

L o F o p - I  o f l o r - I ( t )  : L o y o r - l ( t )  

is an integral curve of XH thereby proving the theorem. 

R e m a r k  4.2. So for any bl > 0, b2 ~ 1~ there exists a curve 

Yl (t) = (bit  c~3, b2t 2a3+1) + higher order terms 

such that L o }, = L o (YI, 2/2) can be reparametrized to an integral curve of XH. 
The reparametrization function being the inverse of 

r (t) = at 3c~3/2 + higher order terms, a > 0. 

Continuing in the notation of the proof of Theorem 4.1, notice that 

Z i (v l ,O,  p l , O ) = O ,  i = 2,4.  

So we can define a new vector field 

Y(vl ,  Pl)  = (Z l (Vl ,0 ,  p j ,  0), Z3 (v l , 0 ,  Pl,  0)) 

I 3 (x , ,  x , )  is a singular point of  Y and 

D r ( x  2, x3,) = A, 

which has ~. as double eigenvalue. Let 

+ ~  + ~  
~ ( ' ) =  Z Z ~PtP'+Pz' 

Pl =0 P2 =0 
1 3 _- x3),  _-- x , ) ,  k > 0, span --xL ,') 

be chosen to satisfy 

1 
~' (t) = -~ Y (~(t) ), 

which is possible by Section 3. Define 

f l ,(t)  ~- (~1 (t), 0, ~2(t), 0). 

[] 
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Then 

1 
/3',(t) = ~ Z ( / 3 , ( t ) ) .  

Letting 

flU) = / 3 , ( t ~ 3 )  

we find 

/3'(t) = ~ 1  Z(/3(t)) 
)~,t 

with 

/3(t) = Z Z Z /3PtPa' 
P l =0 P2 =0 P3 =0 

/3el = 0 ,  ~3el C span{w/}, i = 2, 3. 

Notice that 

/ 3 P = 0 ,  Pl 5 k0 .  

Define 

(x ,x ,  p, p)(t) = L o F o F -l  o /3 o r- l ( t ) .  

We see that choosing/3el = 0 gives an integral curve (xl, x2, Pl ,  P2) of XH with 

Xl • X 2 ,  Pl  = P 2 .  

Reparamtetrizing/3, with 

r/(t) = f ( F - l ° / 3 , ( S ) ) l  ( F - l o / 3 , ( s ) ) ~ / 2  II /3,(s)II 6 h(F o F - l o / 3 , ( s ) )  

~s(ll/3,(s) II - 1 )  6 
0 

l 

= f s l /2h(s)  ds = s3/2k(s) 

0 

for real analytic functions h, k with h(O), k(O) > 0 we also get an integral curve 

(x, x, p, p)(t) = L o F o ~-1  o/3, o r/-I (t). 

Define r , ( t )  = t 3/2 and substitute s = r (v)  in 

t ~-I(t)  

r : l ( t ) = f ~ s - l / 3 d s =  f 2 h(v) 3 k(v)l/--~3 dv. 
0 0 

ds 



306 J.C. Larsen/Journal of Geometry and Physics 21 (1997) 279-306 

Define a real analytic function 

2 h(v )  dv 
# ( s )  = 3 k(v)  1/~ 

o 

with g '(O) > O. So by the inverse function theorem # - l  exists and is real analytic,  leading 

to the conclusion that 

x ( t )  = (L o F o p - I  o fl .  o r/-1)l  (t) 

= (L o F o p - I  o/3.  o /z  - l  o r . - l ) l ( t )  

= f ( t  2/3) 

for a real analytic function f on a neighbourhood of  the origin. 
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